A very efficient method for the calculation of the effective optical response of nano-structured composite systems allows the design of metamaterials tailored for specific optical polarization properties. We use our method to design 2D periodic arrays of sub-wavelength dielectric inclusions within nanometric supported metallic thin films which behave as either an almost perfect linearly dichroic system, as a controllable source of circular polarized light, as a system with a large circular dichroism, or as a circular polarizer. All of these systems may be tuned over a wide energy range.
I. INTRODUCTION
The calculation of the macroscopic electromagnetic response of binary composite materials made up of inclusions of an ordinary material within another has been explored since the nineteenth century. [1] [2] [3] Techniques such as electron beam lithography have allowed the fabrication of nano-structured systems with inclusions of specific shapes.
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Similarly, ion milling techniques have produced high quality periodic patterns of holes of various shapes forming two-dimensional (2D) arrays. 6, 7 Therefore, it is possible to conceive and fabricate devices with novel and exotic macroscopic optical properties. 8 For example, a negative refractive index has been predicted and observed 9 for a periodic metamaterial consisting of a dielectric matrix with a periodic lattice of noble metal inclusions of trapezoidal shape. 10 Devices based on other metamaterials have been proposed to manipulate the direction of propagation of electromagnetic waves and bend their trajectories and to focus light in sub-wavelength regions using flat lenses, 8 produce electromagnetic cloaking [11] [12] [13] and shielding. 14 Furthermore, metamaterials built with conductors may display hyperbolic dispersion relations 15 which yield singular densities of states. They also display plasmonic resonances which may be used to guide electromagnetic energy 16 in directions that may be controlled through the polarization of light.
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Chiral plasmonic metamaterials 18 have been proposed to detect circularly polarized light. 19 Thus, the development of fast computational procedures for efficiently obtaining the electromagnetic properties of new nano-structured systems has become very important.
In Ref. 20 we employed a scheme based on Haydock's recursive method 21 and developed in Refs. 22 and 23 to obtain within the long-wavelength approximation the optical properties of systems with arbitrary geometry and composition. Among other applications, we studied a film made of a square lattice of dielectric elliptical cylinders and rectangular prisms within a conducting matrix. We obtained a strong birefringent and dichroic response, such as a range of frequencies for which rotating by 90
• the angle of polarization of the incoming light could change the film from from being an almost perfect reflector to being an almost perfect absorber. The frequency where this behavior was displayed was easily tuned by geometrical modifications such as rotating the base of the prisms or the axes of the ellipses.
The tremendous speed improvement over other equivalent approaches such as that of Ref. 24 allows calculations for 2D 23 and 3D 22 structures of arbitrary geometry, including interpenetrated inclusions, and allowing for dispersive and dissipative components. That approach is based on a local field effect theory 25 which incorporates into the macroscopic response the spatial fluctuations of the microscopic electric field due to the texture of the composite. Similar homogenization procedures are also found in Refs. 24,26-29. Our calculations proceeded from digitized images of the system, such as a photograph or a drawing, which can be manipulated by standard software to explore the influence of geometry on response. This allowed us to obtain artificial materials with the sought optical properties. As long as we consider only sub-wavelength lengthscales, we cannot explore effects such as geometrically induced chirality 18, [30] [31] [32] or magnetism in left-handed metamaterials, although we have developed a generalization 33 of our recursive procedure 22, 23 and we have shown that a macroscopic approach can deal with lengthscales comparable to wavelength and yield, for example, the photonic band structure of the system.
In this paper we explore the polarization acquired by light at anisotropic thin films of metamaterials, where we use this term to describe nano-structured composites whose properties differ from those of the natural materials of which it is manufactured. In a periodic composite we could expect two origins for an anisotropic behavior, even when the component materials are isotropic. One is due to the periodic lattice and another due to the shape of the individual inclusions. Consider an inclusion with a shape that has well defined symmetry axes. If these coincide with the crystalline axes, they would also coincide with the principal axes of the macroscopic response. If however, the inclusions are rotated with respect to the crystalline lattice, 34 the principal axes of the macroscopic response would also rotate to new directions that in general will depend on the composition of the metamaterial and the frequency of the light, i.e., they will not be geometrically defined. Something similar would occur if the inclusions lack symmetry axes. Furthermore, if one or both of the components of the metamaterial are dissipative, then the principal directions are given by complex vectors and the corresponding normal modes would be in general elliptically polarized. In this paper we explore the polarization acquired by light as it is reflected by or transmitted through a thin film of a metamaterial made up of a dissipative metal with dispersionless dielectric inclusions with a simple shape that is not necessarily aligned with the crystalline axes.
We obtained nano-structured metamaterial films which display extreme linear dichroism and that mimic quarter wave plates that allow the conversion of linear to circular polarization, as well as optimized structures that yield a large circular dichroism and that produce circular polarized light when illuminated with unpolarized light, and these properties may be tuned over a wide tunable energy range.
The article is organized as follows. In Sec. II we briefly present the theoretical approach used for the calculation of the macroscopic dielectric response of the metamaterial, to describe the elliptical polarization of the fields and normal modes and to calculate the optical properties of the metamaterial. In Sec. III we present results for two-dimensional periodic structures with inclusions of different shapes and orientations. Finally, in Sec. IV, we present our conclusions.
II. THEORY A. Macroscopic response
In this subsection we review the main theoretical steps in order to calculate the macroscopic dielectric tensor, ij M following Refs. 22 and 23. We consider inclusions (B) embedded within a homogeneous material (A) forming a 2D periodic lattice in the X − Y plane as shown, for example, in Fig. 1 . The inclusions are taken to be generalized cylinders with an arbitrary cross section and translationally invariant along the Z axis. We assume that each region A or B has a well defined dielectric function γ , where γ = a, b, which we assume local and isotropic, and that the cross section of the inclusions and the lattice periodicity are much smaller the free wavelength of light λ 0 = 2πc/ω with c the speed of light in vacuum and ω the frequency. For visible and near-infrared light, this implies that the inclusions must be of nanometric size.
The microscopic response is then described by 
where
is the 00 component of the inverse of the matrix
Here, E M L and D M L are the longitudinal projections of the macroscopic electric and displacement fields with wavevector q, GG is the Fourier transform of the microscopic dielectric response (Eq. (1)) with wave-vector G − G , and {G} is the reciprocal lattice of the system, so that the microscopic constitutive equation may be written in reciprocal space as where D G (q) and E G (q) are the Fourier coefficients of the fields with wavevectors q + G. The wavevector q of the macroscopic field may be interpreted as the conserved Bloch's vector. For succinctness, and in accordance to the long wavelength approximation, we have denoted the unit vectors (q + G)/|q + G| simply byĜ, and in particular, 0 ≡ q/q =q. We should emphasize that ξ and
is simply the longitudinal projection of the macroscopic dielectric tensor M , and M is independent of the direction q in the long wavelength limit q → 0. Therefore, calculating ξ(q), for several propagation directionsq, we may obtain all the components of the long-wavelength dielectric tensor M (0). 35 For example, setting q alongx, Eq. (6) allows us to identify ξ −1 (x) = xx M . Similarly, setting q alongŷ we obtain ξ −1 (ŷ) = yy M , and setting q alongx +ŷ we obtain
)/2 from which we finally obtain xy M (= yx M ) and thus, the full transverse dielectric tensor for waves propagating along the Z axis.
We can calculate ξ, appearing in Eq. (2), very efficiently using Haydock's recursion method, as shown in Refs. 22 and 23,
where a n and b n are Haydock's coefficients, defined through
From Eqs. (3) and (4), ξ plays the role of a Green's function projected onto the macroscopic state |0 corresponding to a longitudinal plane wave with wave vector q, the spectral variable u(ω)
plays the role of a (complex) energy and
plays the role of a Hamiltonian, with
the Fourier transform of the characteristic function describing the geometry of inclusions which occupy the volume v within a unit cell of volume Ω. The recursion (8) starts from the macroscopic state |0 and we impose the orthonormality condition n|m = δ nm , where δ nm is Kronecker's delta function, to obtain the coefficients a n−1 = n − 1|ñ = n − 1|Ĥ|n − 1 and b
After calculating the macroscopic response from Eq. (6) with different directionsq, optical properties such as reflectance and absortance may be calculated using standard formulae. 36, 37 Further details of this calculation in the 2D and 3D case may be found in Refs. 22 and 23, respectively.
For a generic system, all the Cartesian components of its macroscopic dielectric function ij M might be non-null, although some of the off-diagonal components ij M with i = j might be zero due to the symmetries of the system. For the the 2D metamaterials with translational symmetry along the Z axis that we study here, and for propagation along Z, ij M might be described by a complex 2 × 2 tensor
Here X and Y are the Cartesian directions in a coordinate system fixed to the unit cell (see Fig. 1 ). In general M becomes diagonal. We note that the direction of the principal axes depend in general on the composition of the metamaterial and on the frequency, and are not completely determined by its geometry. Furthermore, since M is in general complex due to the presence of dissipation, the vectors that define the principal axes are also complex. This means that their real parts could point in directions that differ from those of their imaginary parts, so that there are no real directions in space along which the fields of the corresponding eigenmodes oscillate. The polarizations of the eigenmodes are thus elliptical in general.
The eigenvalues λ µ and eigenvectors V µ (µ = 1, 2) of the 2×2 symmetric (though complex) tensor M , are obtained straightforwardly. 38 Notice that as the macroscopic response is not in general a self-adjunct matrix, its eigenvectors are not orthogonal according to the Hermitian product. Nevertheless, in the nonretarded limit, the dielectric function is symmetric, so that its eigenvectors are orthogonal according to the Euclidean product. However, for convenience we normalize the eigenvectors using the Hermitian norm V * µ · V µ = 1 (otherwise, we would be unable to normalize the eigenvectors corresponding to circular polarization). The eigenvalues λ µ correspond to the principal values of the macroscopic dielectric tensor M , so the corresponding principal values of the complex index of refraction are
B. Elliptical Polarization
To describe the polarization ellipse corresponding to the eigenvectors V µ , or more generally, to describe the polarization of an arbitrary monochromatic field E(t) = Re E 0 e −iωt with frequency ω, we separate the complex amplitude E 0 into real and imaginary parts
to write
We interpret this real transverse vector equation as a 2 × 2 system of equations which we solve for sin ωt and cos ωt. Then, we write the trigonometric identity cos 2 (ωt) + sin 2 (ωt) = 1 as the real quadratic form
where we interpret E(t) as a column vector, E T (t) as its transpose, and M as a matrix with components
with
The quadratic equation (15) describes the polarization ellipse, which may be further characterized by diagonalizing M, i.e., solving M · V ± = Λ ± V ± , to obtain the real positive eigenvalues Λ ± (choosing Λ + ≥ Λ − ) and their corresponding eigenvectors
which is the equation of an ellipse with major a and minor b semi-axes given by
The angles α and β formed by the semi-axes a and b with respect to the X axis are given by
As expected, the minor and major semiaxes are mutually orthogonal. The sense along which the field goes around the polarization ellipse is determined from the helicity h = sgn[k · Re(E 0 ) × Im(E 0 )], withk a unit vector along the propagation direction. For waves moving along the positive Z axis,
where h = +1 corresponds to right handed polarization and and h = −1 to left handed polarization . The degree of linearity or circularity of the polarization can be characterized through the so called third flattening, η of the polarization ellipses, defined through
The values of η go from 1 for linear polarization to 0 for circular polarization, with intermediate values corresponding to elliptical polarization. The analysis above may be applied to each of the normal modes of the macroscopic response of the metamaterial, as well as to the incoming, transmitted or reflected waves.
C. Thin Layer
Consider a monochromatic wave impinging normally from an isotropic transparent medium I into a film F of width d made of our metamaterial, from where it is partially reflected back into medium I and transmitted into a transparent isotropic medium T . Media I and T are characterized by their index of refraction n i and n t , while the film is characterized by the macroscopic tensor M discussed in subsection II A. We can project the electric field E i of the incident wave into the principal directions of the response of the metamaterial
by introducing a dual basisṼ
where for any possibly complex vector v = (v x , v y ) on the XY plane we define v ⊥ = (−v y , v x ) as a perpendicular vector obtained by rotating clockwise by 90
• on the plane, and where µ denotes the index complementary to index µ, i.e., 1 = 2 and 2 = 1, so thatṼ µ · V µ = 1 andṼ µ · V µ = 0. Notice that the dual vectors are not necessarily orthonormal according to neither the Euclidean nor the Hermitian scalar product.
Each of the principal polarizations is conserved as the wave propagates along the system, and for each of them the film has a well defined index of refraction n µ (Eq. (12)). Thus, we can obtain the optical properties of the system using the standard formulae for the reflection and transmission amplitudes of a thin film, 37 
are the reflection and transmission coefficients corresponding to a single interface separating medium p from medium q (p, q = i, µ, t), d is the film thickness, and k µ = (ω/c)n µ is the wavenumber within the film corresponding to the mode µ = 1, 2. According to Eq. (23), the reflected and transmitted electric fields are given by
The reflectance and transmittance are given by
and the polarization properties of the incident, reflected and transmitted field may be found through the analysis of subsection II B. The optical properties obtained above depend implicitly on the frequency of the incident field through n µ , which inherits its frequency dependence from the response a (ω) and b (ω) of the components A and B of the metamaterial.
D. Polarization
We can write Eqs. (27) as a matrix equation
where (25) . The Jones matrices (30) allow us to calculate the polarization of the reflected and transmitted light from the polarization of the incoming wave, assumed to be in a pure polarized state. When the incoming wave is not in a pure state but has an unpolarized component, we can describe its polarization state in terms of the Stokes vectors S α for the reflected (α = r) and the transmitted (α = t) wave, which are related to the incoming polarization state S i through
in terms of the Mueller matrices M α , with components
with σ i the Pauli matrices plus the identity, i.e.
and where J † α denotes the adjunct of the matrix J α . For example, for unpolarized (natural) incoming light, the input Stokes vector would be
so the output Stokes vector would be
Here, the superscript T denotes transpose. The degree of polarization of the outgoing waves can be described by
P α = 1 corresponds to fully polarized and P α = 0 corresponds to unpolarized light. The kind of full or partial polarization may be read from the Stokes coefficients: S α1 > 0 corresponds to (partial) linear horizontal polarization while S α1 < 0 corresponds to vertical polarization, S α2 > 0 to polarization along 45
• from the x towards the y axis, while S α2 < 0 corresponds to 135
• , S α3 > 0 corresponds to circular right-handed polarization, and S α3 < 0 to circular left-handed polarization.
III. RESULTS
We first consider a metamaterial made out of a thin conducting film of width d deposited on an isotropic dielectric substrate with index of refraction n t and with a square array of holes ( b = 1) in the form of crosses, as those shown in Fig. 1 . The geometry of the system is then characterized by the lengths L x and L y of the beams of the cross along the x and y directions, their widths W x and W y and the angle φ between one beam of the cross and the x axis. We can tune these parameters to design systems with desired optical properties.
In Fig. 2 we show the transmittance and reflectance T and R of a silver film ( a = Ag ) of width d = 100 nm deposited over glass (n t = 1.4) with a square array of cross-shaped holes aligned with the lattice axes φ = 0 with geometry characterized by L x = 0.965a, L y = 0.848a, W x = 0.299a, and W y = 0.374a, where a is the lattice parameter. We show results for normally incident linearly polarized incoming light,
with θ the angle of polarization with respect to the X direction. We display results for polarization along the X-axis (θ = 0) and along the Y -axis (θ = 90 • ). We performed this and the following calculations using the recursive methods developed in Ref. 22 within a lattice of 601 × 601 pixels and using between 200 and 400 Haydock's coefficients. The programs were developed using the Perl Data Language (PDL).
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In this system, X and Y are symmetry directions, and therefore they coincide with the principal directions of the macroscopic response. Thus, for input polarization angles θ = 0, 90
• the outgoing polarizations coincide with the incoming polarizations. Notice that there is a sizable energy range around 2eV for which R y is below 1% and T y is above 80%, while, rotating the incoming polarization by 90
• , R x becomes much larger than T x . Thus, this system displays a very large linear dichroism both under transmission and under reflection. The reason for this behavior is the extraordinary transmission present in conducting films whenever the conducting paths are almost chocked, and is due to the matching between the vacuum surface impedance and the surface impedance of the film as it transits from being conductor-like at low frequencies and dielectric-like at high frequencies. 20, 42 Notice that for this system, P x = 0.035a and P y = 0.152a, so it has relatively wide conducting paths along the x direction, but very narrow passages along the y direction. Therefore, the film displays extraordinary transmission for y polarization but is opaque and thus has a large reflectance for x polarization. Thus, its extreme dichroism. For comparison purposes, in the same figure we have plotted the transmittance of a much thinner flat homogeneous Ag film, of width d = 50 nm chosen so both films contain the same amount of silver. We remark that the transmittance T y for y polarization is about three orders of magnitude larger than that of the homogeneous film, although the latter is narrower.
In Fig. 3 we show the normal incidence transmittance and reflectance T and R of a system with L x = 0.963a, L y = a, W x = 0.249a and W y = 0.324a. In contrast to the previous case, conducting paths along x are completely closed instead of being wide open as in Fig. 2 . The conducting paths along y are almost blocked, as P x = 0.07a. In this case, the system behaves as an anisotropic insulator unless the frequency is low enough that the response along y becomes conductor-like. The frequency of this dielectric-conductor change of behavior may be tuned by changing the width P x of the narrow channels. The reflectance and transmittance and the polarization of the outgoing light depend on the input polarization. The results displayed in Fig. 3 correspond to incoming light that is linearly polarized at an angle θ = 45
• with respect to the x-axis. In the same figure we indicated the shape of the polarization ellipses corresponding to the outgoing waves and we color coded their helicity. Notice that for a very wide frequency range we were able to obtain right handed almost circularly polarized transmitted light with a transmittance T above 70%. Given the geometrical symmetry of this system, as the incoming polarization angle θ diminishes towards 0 or increases towards 90
• the outgoing polarization becomes linear, and as θ approaches −45
• we obtain again circularly polarized light but with the opposite helicity. Thus our system behaves as a quarter-wave plate, though it is of subwavelength thickness and is operational over a wide frequency range.
In Fig. 4 we show the third flattening η t that characterizes the degree of circular polarization of the transmitted fields corresponding to the same system as in Fig. 3 , for incident light linearly polarized along θ = 45
• or 135
• . The film is wider d = 140 nm and the holes are filled with a transparent material with dielectric constant b . We notice the wide energy regions for which η T is close to zero (say, < 0.1) and the fact that these regions may be shifted by changing the dielectric constant b of the insulating material. We have verified that the results above remain valid qualitatively under changes of the geometrical parameters, although the angle of the incoming polarization to obtain circular polarization might have to be adjusted away from 45
• , 135
• , and the energy range for which we obtain circular polarization may also change.
In Fig. 5 we show the third flattening η t and the transmittance T for light transmitted through a film as in Fig. 4 but of different widths d = 80, 90, . . . 140 nm when illuminated by light linearly polarized along θ = 35
• or 145
• . The holes in the Ag film are filled with an insulator with dielectric constant b = 1.5. Notice that fully circular polarization (η t = 0) is achieved at a frequency that may be shifted by 0.3 eV by changing the width of the film. The black dots in the lower panel show that the transmittance is appreciable (T > 0.3) at those frequencies for which the transmitted field is completely circularly polarized. Similar results hold for other dielectrics and other polarization angles and it is possible to design the system to produce circularly polarized light at any visible frequency.
The systems analyzed above are symmetric under x → −x and y → −y reflections, and therefore, they display no circular dichroism and they yield no circular polarization when illuminated by natural, unpolarized light. Thus, to explore metamaterials with circular dichroism and circular polarizers, we now consider a system that has no in-plane reflection symmetry.
In Fig. 6 we show one such system, consisting of an Ag film deposited on a glass substrate and from which a square lattice of pairs of holes have been carved out and filled with a dielectric. The holes have the shape of prisms characterized by their width W and height H, and relative displacement ρ between pairs of holes within each cell besides the width d of the film and the dielectric function b of the inclusions. We optimized these parameters, as well as the width d of the film and the dielectric constant b of the inclusions in order to maximize the sought optical properties of the film. Notice that for some values of the parameters, the dielectric filled holes might overlap each other; our calculation procedure is able to cope with such situations.
In Fig. 7 we show the degree of circular polarization C t ≡ S t3 /S t0 , of light transmitted through a d = 100 nm Ag and dielectric metamaterial film on glass, as in Fig. 6 , when illuminated by unpolarized light, corresponding to S i = (1, 0, 0, 0). We show results for given values of the dielectric constant b = 2, 3, 5 and the geometrical parameters, given in table I, were obtained by finding the maximum circularity within the visible range and optimizing it. Thus, at each step during the optimization procedure we calculated the full spectra for each set of candidate parameters. To guarantee a not-too-low transmittance, we actually maximized a mixture of the degree of circular polarization C t , and the transmittance T = S t0 , to wit, the product of two sigmoidal functions of width 0.1 evaluated at C t and at T , and centered at 0.8 and 0.2, respectively. As illustrated in Fig. 7 , the degree of circular polarization may attain peaks with C t = 0.7 or even higher, with a corresponding transmittance larger than ≈ 0.2, and these peaks may be tuned within the whole visible range by adequately choosing the value of the dielectric constant b . We remark that our computational scheme is fast enough to allow the calculation of the full spectra at each step of the optimization process. We performed the optimizations using the simplex method offered by the MINUIT package developed at CERN 43 and its PDL 40,41 interface.
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Instead of searching for a maximum within a range of frequencies, we can search for a maximum of any desired optical property at given desired frequencies. To illustrate this case, in Fig. 8 Notice that with our simple geometry we obtained a circular dichroism that peaks at our chosen frequencies which we tuned across the near infrared and the visible region. Its maximum values are larger than 0.2 and as large as 0.5, much larger than those of naturally occurring chiral materials, although our system is a thin film, its texture has subwavelength characteristic distances, its geometry is not chiral 32 and the incoming light is normally incident.
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IV. CONCLUSIONS
We employed Haydock's recursive method within the long wavelength approximation to calculate the complex frequency dependent macroscopic dielectric tensor ij M of metamaterials in terms of the dielectric functions of the host a and the inclusions b , and of the geometry of both the unit cell and the inclusions. The calculation requires modest computing resources to obtain well converged results which can be applied to metamaterials with dispersive and dissipative as well as transparent components. The input to our calculations are images of the unit cells which may be manipulated using image processing software, thus allowing us to rapidly explore manifold geometries in a design process to obtain a tailored optical response. We found that a simple system made up of a square array of cross-shaped nanometric holes with slightly anisotropic geometrical properties carved out of a thin supported silver film may display a very strong linear dichroic response for both transmission and reflection. Rotating the direction of polarization of the incoming wave, the transmittance of the system could change from the very small value expected of homogeneous Ag films to an extraordinary transmittance that is about three orders of magnitude larger. Furthermore, the same system but with different geometrical parameters behaves as a quarter wave plate, producing circularly polarized output light for a linearly polarized input field with an helicity that can be controlled by rotating the input polarization direction, although the width of the film is much thinner than the wavelength. Moreover, this behavior may be tuned over a wide frequency range that covers the visible spectrum.
We also explored systems with no reflection symmetry within the surface of the film and we were able to tune the parameters in order to optimize different optical properties related to the circular polarization of light. Thus, we obtained that a thin Ag film crossed by a lattice of appropriately patterned insulating regions could behave as a circular polarizer, yielding circularly polarized light when illuminated by unpolarized light, with peak degrees of circular polarization above 0.7, and that a similar system with different parameters yielded a film with extreme circular dichroism as large as 0.5, much higher than that of naturally occurring chiral materials. We remark that our system is a thin film, its texture has subwavelength characteristic distances, its geometry is not chiral and the incoming light is normally incident.
These examples illustrate how standard optical elements may be replaced by thin nanometric patterned films with the same or better performance, which may thus be integrated into nano-photonic devices. The design of these elements benefit greatly from the availability of our very efficient computational procedure, which allowed us to optimize the geometrical parameters of the system.
